Abstract. The concept of configuration was first introduced to give a characterization for the amenability of groups. Then the concept of two-sided configuration was suggested to provide normality to study the group structures more efficiently. It has been interesting that for which groups, two-sided configuration equivalence would imply isomorphism. We introduce a class of groups, containing polycyclic and FC groups, which for them, the notions of two-sided configuration equivalence and isomorphism coincide.
Introduction and definitions
In the present paper, all groups are assumed to be finitely generated. Let G be a group, we denote the identity of the group G by e G . We refer the readers to [18] for terminology and statements used in finitely generated groups.
The notion of a configuration for a locally compact group G, was introduced in [14] . It was shown in that paper that amenability of G may be characterized by configuration.
Let g = (g 1 , . . . , g n ) be an ordered generating set and E = {E 1 , . . . , E m } be a finite partition of a group G. A configuration C corresponding to (g, E), is an (n + 1)-tuple C = (c 0 , . . . , c n ) whose components are in {1, . . . , m} and there are x 0 , x 1 , . . . , x n in G such that x k ∈ E c k , k = 0, 1, . . . , n, and x k = g k x 0 , k = 1, . . . , n. In this case, we say that (x 0 , x 1 , . . . , x n ) has the configuration C.
For g and E as above, we call (g, E) a configuration pair. The set of all configurations corresponding to the configuration pair (g, E) will be denoted by Con(g, E). The set of all configuration sets of G, is denoted by Con(G).
Let G be a group with a generating set g = (g 1 , . . . , g n ) and a partition E = {E 1 , . . . , E m }. Then g are partitions of G. A simple calculation shows that Con(g, E) = Con(g, Eg) for every g ∈ G. Let y ∈ G and E i ∈ E. Working with Con(g, E), we can assume that y ∈ E i . This assumption is no longer true for two-sided configuration sets. Let (h, F ) be a configuration pair for a group H with Con t (g, E) = Con t (h, F ). Then, equations Con(g, E) = Con(h, F ) and Con(g −1 , E −1 ) = Con(h −1 , F −1 ) are hold and hence, if G≈ t H then G ≈ H. We do not know whether the converse of this implication holds true or not?
We show that normality in a group is conserved under two-sided configuration equivalence. The conditions in the definition of golden configuration pair, [3, Definition 4.1] , are difficult to be investigated. We can reduce these conditions in the context of two-sided configuration to get a new definition of golden configuration pair, and show that there are many groups satisfied in our definition. We show that if G and H have the same two-sided configuration sets and N is a normal subgroup of G such that G/N is finitely presented and has a golden configuration pair, then there is a normal subgroup N of H such that G/N ∼ = H/N; as a consequence of this fact, for the class of groups which are finitely presented and Hopfian with golden configuration pair, two notions of two-sided configuration equivalence and isomorphism coincided. This class of groups, contains many well-known class of groups, such as finite, free, abelian, nilpotent, FC, and polycyclic groups. We will define a new class of groups, called polynomial type groups, which have golden configuration pairs. Also, all groups which have a finite subnormal series such that all its factors are polynomial type admit a golden configuration pair.
Preliminaries
We devote this section to provide the preliminaries and notations needed in the following sections;
Following [3] , let G and H be two groups with generating sets g and h, respectively. Suppose that, for partitions E = {E 1 , . . . , E m } and F = {F 1 , . . . , F m } of G and H respectively, the equality Con t (g, E) = Con t (h, F ), or Con(g, E) = Con(h, F ), established. Then we may say that E i is corresponding to F i , and write E i F i , i = 1, . . . , m. Let G be a group with g = (g 1 , . . . , g n ) as its ordered generating set. Let p be a positive integer, let J and ρ be p-tuple with components in {1, 2, . . . , n} and {±1}, respectively. We denote the product
by W (J, ρ; g). We call the pair (J, ρ) a representative pair on g and W (J, ρ; g) a word corresponding to (J, ρ) in g.
The reader confirms that if g in the above notation is an ordered subset of G instead of being a generating set, then W (J, ρ; g) can be defined as well.
For an arbitrary multiple J, we denoted its components number by l(J).When we speak of a representative pair (J, ρ) we assume the same number of components for J and ρ. If J = (J(1), . . . , J(p)), and ρ = (ρ(1), . . . , ρ(p)), where p is a positive integer, we set
-tuple that has J 1 as its first p 1 components, and J 2 as its second p 2 components. it can be easily investigated that
For a σ-algebra A, we define Con t (g, A) to be Con t (g, atom(A)), where atom(A) is the collection of atomic sets in A.
For a finite collection C of subsets of G, the σ-algebra generated by elements of C is denoted by σ(C) and is finite.
Let E := {E 1 , . . . , E m } and F := {F 1 , . . . , F m } be partitions of G and H respectively, such that E i F i , i = 1, . . . , m. For A ∈ σ(E) and B ∈ σ(F ), we say A is corresponding to B, written A B, when
By an argument as used in Lemma 2.2 of [3] , one can show that Lemma 2.1. Let G and H be two groups with finite σ-algebras A and B and generating sets g = (g 1 , . . . , g n ) and h = (h 1 , . . . , h n ), respectively, such that Con t (g, A) = Con t (h, B). Consider A 1 , A 2 ∈ A and B 1 , B 2 ∈ B with A i B i , i = 1, 2. We have:
for r ∈ {1, . . . , n}.
Let G and H be two groups. Consider partitions E = {E 1 , . . . , E r } and F = {F 1 , . . . , F r } of G and H, respectively, and their refinements
For σ-subalgebras A ′ and B ′ of σ-algebras A and B, respectively, we say (A, A ′ ) and (B,
A similar argument as in used in the proof of [3, Lemma 3. 
Two-sided configuration of finitely presented Hopfian groups
Working with two-sided configuration, we will see that we are provided with a normality in the following sense: Definition 3.1. Let G be a group and E ⊆ G. We say that E is a normal subset of G, if
It is obvious that if g = (g 1 , . . . , g n ) is a generating set of G, then we can reduce equations in (1) to
Let G be a group and, N be a normal subgroup of G. We denote by q := q N the quotient map. For a partition E of G/N and a generating
We know by [18, Theorem 1.1] that two finitely generated groups are isomorphic, if they satisfy in the same relations. So, if for a group G, two-sided configuration equivalence leads to isomorphism, then at least one of the presentations of each non-identity element should be recovered by the configuration set of the group. This recovery is precisely what we mean by a "golden configuration pair": Definition 3.2. Let G be a group with a generating set g. Consider a normal subgroup N of G and a partition E of N. We say that (g, q −1 (E)) is golden w.r.t. N, if E contains {e G/N } and there exist representative
where M ∈ F is corresponding to N.
We say that a configuration pair (g, E) of G is golden when (g, E) is a golden configuration pair w.r.t. N = {e G }.
As a consequence of Lemma 2.2, one can easily show that (see [3, Lemma 3.3.]):
Using this lemma, we have:
, for a configuration pair (h, F ) of a groups H, and M ∈ F is corresponding to N, then M will be a normal subset and
Proof. By Lemma 3.3, it suffices to show that there exists a refinement E ′ of E, such that the map W (J, ρ; g)N → W (J, ρ; h)M will be a welldefined function on the cosets of N.
Suppose that g = (g 1 , . . . , g n ). Let {W (J i , σ i ; q(g)) : i = 1, . . . , m} be a set of defining relators of G/N, and
Assume that k := max{l(J) : (J, ρ) ∈ F}, and set
Now, consider a refinement E ′ which contains singleton sets {W (J, ρ; q(g))}, (J, ρ) ∈ S. Let (h, F ) be a configuration pair for a group H, such that Con t (g, q −1 (E ′ )) = Con t (h, F ) and consider M ∈ F to be a set that N M. We see that Ng i = N = g i N, i = 1, . . . , n. By (3) and (4) in Lemma 2.1, M is a normal subset of H. Also, by induction on l(J), one can show that
where M(J, ρ) is an element of F corresponding to W (J, ρ; g)N. So, in particular, we have
Let (J, ρ) and (I, δ), be two representative pair, and take W i = W (J i , ρ i ; h), i = 1, . . . , m. As M is normal, and W i M = M, it can be seen that
This shows that the above function is well-defined.
By this lemma, we state and prove the key lemma of the paper: Proof. Assume that (g, q −1 (E)) is a golden configuration pair w.r.t. N. Suppose that Con t (g, q −1 (E)) = Con t (h, F ) and N M ∈ F . By the preceding lemma, we can assume that M is a normal subset and
By normality of M, we understand that N is a normal subgroup of H. Moreover, one can check that for a representative pair (J, ρ), W (J, ρ; h)M ∩ M = ∅ if and only if W (J, ρ; g)N = N, and the last one is equivalent to W (J, ρ; h) ∈ N. We claim that M is a coset of N; first, suppose that M intersects two different cosets of N, so there are x and y in M with yx −1 , y ∈ N. Let (J, ρ) be a representative pair such that yx −1 = W (J, ρ; h). Then y ∈ W (J, ρ; h)M ∩ M, therefore W (J, ρ; h) ∈ N, this is a contradiction. So, there is an x ∈ H such that M ⊆ Nx. If h ∈ N, then h fixes Mz −1 , z ∈ M, under the left multiplication. But the last set contains e H , hence h ∈ Mz −1 , and therefore Nz ⊆ M ⊆ Nx. This implies that M = Nx.
The map
along with the explanation at the beginning of the proof gives an epimorphism which has N as its kernel; so, G/N and H/N are isomorphic.
Remark 1. (a)
We proved that M = Nx for an x ∈ H. By normality of M, we conclude that Nx h = Nx, for every h ∈ H. Therefore q N (x) ∈ Z(H/N), where Z stands for the center of the group H/N.
(b) If M contains the identity of H, then by the above Lemma, N is nothing but M. This means that M should be a subgroup of H. But there is no reason to say that M should contain e H , so it is not true to consider such an assumption, as it was in proofs of statements in the last section of [5] . Let G be a finitely presented group with a golden configuration pair. Assume that for a group H we have G ≈ t H. Then G is isomorphic to a quotient of H. In addition, if M is a singleton subset of H, then G ∼ = H.
Now, we state and prove the main theorem of this section (compare with [3, Proposition 3.5.]):
Theorem 3.6. Let G be a finitely presented Hopfian group with a golden configuration pair, and H be a group which G ≈ t H. Then G ∼ = H.
Proof. Let (g, E) be a golden configuration pair. Assume that Con t (g, E) = Con t (h, F ), for a configuration pair (h, F ) of H. Let M ∈ F be such that {e G } M. Without loss of generality, we can assume that M is a normal subset and W (J, ρ; h)M ∩ M = ∅ when W (J, ρ; g) ∈ N. By Remark 1.(c), if M is singleton, then we've done. Seeking a contradiction, let us suppose that M = M 1 ∪ M 2 , where M 1 and M 2 are nonempty disjoint subsets. Consider the following partition of H,
There is a configuration pair (g
Since G is Hopfian, by Lemma 3.5 and Remark 1.(c), we get K G = {g ∈ G : gK = K} = {e G }, and this is equivalent to |K| = 1, which is impossible.
In the next section, we will see that there are many groups with golden configuration pair.
Groups with golden configuration pairs
Let ς be a finite-range function on a group G/N. we will denote the range of ς by {ς 1 , .
Definition 4.1. Let N be a normal subgroup of a group G. We say that G admits a golden system w.r.t. N, if there exist a generating set g of G, a set of representative pairs, {(J g , ρ g ) : g ∈ G \ N}, and a finite-range function ς on G/N with following properties:
for a configuration pair (h, F ) of a group H, and we denote by
We call the triple (g, ς, {(J g , ρ g )} g ) the golden system w.r.t. Nand (J g , ρ g ) the golden representative pair of q(g). We say that a group G admits a golden system, if it admits a golden system w.r.t. {e G }.
It is evident that a group G admits a golden system w.r.t. a normal subgroup N, if and only if G/N admits a golden system.
The importance of this definition will appear in the following proposition: Proposition 4.2. Let N be a normal subgroup of a group G, and (g, ς, {(J g , ρ g )} g ) be a golden system w.r.t. N. If E is the ς-partition of G, then (g, E) will be a golden configuration pair w.r.t. N.
Proof. E is in the form of q −1 (P), for the partition
of G/N. It is evident by this point that (g, E) becomes a golden configuration pair.
We list below classes of groups which admits a golden systems: g = (g 1 , . . . , g n ) of G such that G/N = {q(g 1 ) = e G/N , q(g 2 ), . . . , q(g n )}. For g ∈ G, if q(g) = q(g i ), for the smallest index i, i = 1, . . . , n, then we will take J g = i, ρ i = 1, and ς(q(g)) = i. we claim that (g, ς, {(J g , ρ g )} g ) is a golden system. We have
then by Lemma 2.1, (3) in the Definition 4.1 holds.
In particular, all finite groups admit a golden system.
Polycyclic groups.
Terminologies of polycyclic groups are as in [9] . Let A be a polycyclic group, and A = A 1 · · · A n+1 = {e A } be a polycyclic series for A. For 1 ≤ i ≤ n, let a i be an element of A i whose image in A i /A i+1 generates that group. The sequence a := (a 1 , . . . , a n ) will be called a polycyclic generating set of A. By the proof of [9, Chapter 9; Proposition 3.5], A i = a i , . . . , a n and every element a of A i can be expressed in the form n j=i a α j j , where the exponents α j are integers. Let I denote the set of subscripts i such that A i /A i+1 is finite, and let m i = |A i : A i+1 |, the order of a i relative to A i+1 , if i is in I. It shall be normally assumed that the generating set is not redundant in the sense that no a i is in A i+1 . Thus m i > 1 for each i ∈ I. We shall say that the expression for a is a collected word if 0 ≤ α j ≤ m j for j in I, and the representative pair corresponds to a collected word called a collected representative pair. Each element of A can be described by a unique collected word in the generators a 1 , . . . , a n .
Assume that (J a , ρ a ) is the collected representative pair of a ∈ A \ {e A }. For a ∈ A \ {e A }, let n j=1 a α j j be its collected word, set ς(a) = (ω 1 , . . . , ω n ), where ω j = α j , if j ∈ I, and for j not in I, ω i is 0, 1 or −1, depending on whether α j is zero, positive or negative, respectively. Also, put ς(e G ) = o, the n-tuple whose all components are zero. It is obvious that there are finitely many elements in ς(A), say ς 0 , ς 1 , . . . , ς m , where ς 0 = ς(e G ).
We claim that (a, ς, {(J a , ρ a )} a ) is a golden system for A. Suppose that Con t (a, E) = Con t (b, F ), for a configuration pair (b, F ) of a group B, and we denote by F (ς(a)) an element in F corresponding to E(ς(a)), a ∈ A. Let n j=1 a α j j be the collected word of a ∈ A \ {e A }. For x ∈ A, with collected word n j=i a α j j , we have: a k x) ). (iv) If i ∈ I, and α i < 0, then
By (i)-(v), induction on l(J a ) and using Lemma 2.1, we can easily prove that
. It is not difficult to show that if a group G has a normal subgroup N such that G/N is polycyclic, then G will admit a golden system w.r.t. N.
4.3.
Polynomial type groups. Let P := P (x 1 , . . . , x n ) be a polynomial in Z[x 1 , . . . , x n ] without a constant term and without negative coefficients. Let {G 1 , . . . , G n } be a collection of groups each of them is polycyclic or finite. We denote by P (G 1 , . . . , G n ) a group obtained from P , by putting G i instead of x i , i = 1, . . . , n, free product instead of multiplication and direct product instead of addition. For example, set P (x, y) = xy 3 + 2x 2 y, then for polycyclic or finite groups G and H,
We mean such a group by a polynomial type group.
Consider groups G and H with golden systems (g, ς G , {(J g , ρ g )} g ) and (h, ς H , {(J h , ρ h )} h ), resp. The following two procedures will be used in obtaining a golden system for polynomial type groups:
1. Free product. For a non-identity element z in G * H, let z 1 . . . z s be its reduced word expression in G and H. Then define ς G * H (z) to be ς G (z 1 ) or ς H (z 1 ) according to z 1 ∈ G or z 1 ∈ H, respectively. For the identity element, put ς G * H (e G * H ) = 0.
2. Direct product.
A polynomial type group admits a golden system. First Note that: Free product of finitely many poycyclic or finite groups admits a golden system; let A 1 , . . . , A r be polycyclic groups and F 1 , . . . , F s be finite groups.
is a golden system of A i , i = 1, . . . , r, gained in 4.2, and (b j , ς F j , {(J x , ρ x )} x ) is a golden system of F j , j = 1, . . . , s as obtained in 4.1. Hence,
is a generating set of G. Iterating the first procedure above, for free product, we get a function ς on G. For a non-identity g ∈ G, let z 1 · · · z k be its reduced word expression, and consider the representative pair (J g , ρ g ) such that
where W i , i = 1, . . . , k, is the word corresponding to the golden representative pair of z i . Then, like the argument used in 4.2, one can show that (g, ς G , {(J g , ρ g )} g ) is a golden system of G. Using the second procedure, and the preceding paragraph, it can be easily seen that a polynomial type group admits a golden system.
4.4.
Groups which have a subnormal series such that its factors are polynomial type. let G be a group which has a subnormal series,
each of its factor is polynomial type. Suppose that q i : N i → N i /N i+1 is the quotient map and a i is an ordered subset of N i , such that
is a golden system of N i /N i+1 , where the index g ranges over
, put g 1 = g, take an index i 1 such that g ∈ N i 1 \ N i 1 +1 , so, there is g 2 ∈ N i 1 +1 with g 1 = W (J q i 1 (g 1 ) , ρ q i 1 (g 1 ) ; a i 1 )g 2 .
Continuing this process, we can find g 3 , g 4 , ..., g s and indices i 1 < i 2 < · · · < i s , such that
W (J q i j (g j ) , ρ q i j (g j ) ; a i j ).
Therefore, g = g 0 := (g 1 , . . . , g n ) is a generating set of G. Now, for a non-identity g ∈ G, let g = r j=1
W J q i j (g j ) , ρ q i j (g j ) ; a i j be an expression, obtained by the above procedure, so i 1 < i 2 < · · · < i r , and g j ∈ N i j \ N i j +1 . Define ς(g) := ς (i 1 ) (q i 1 (g 1 ))
and consider representative pair (J g , ρ g ) so that
W J q i j (g j ) , ρ q i j (g j ) ; a i j By part 4.3, we see that (g, ς, {(J g , ρ g )}) is a golden system for G.
Polycyclic-by-finite groups.
Recall that a polycyclic-by-finite group, is a group which has a polycyclic normal subgroup of finite index, hence, by the above explanation, every polycyclic-by-finite group admits a golden system.
F C-groups.
If a finitely generated group G has a finite commutator subgroup, then G admits a golden system by 4.4. Since F C-groups have finite commutator subgroups, every F C-group admits a golden system. We now state the main results of this paper, obtained from Lemma 3.5, Theorem 3.6, Proposition 4.2 and the fact that all poycyclic or finitely generated F C groups are finitely presented: Theorem 4.3. Let G be a finitely presented Hopfian group with a golden system. Then a group H which G≈ t H is isomorphic to G. 
